Integral representations and addition formulas for the q-generalizations of the gamma and beta functions are obtained by studying function space models of a simple quantum algebra.
The theory of basic special functions has received a new impulse with the introduction of quantum algebras and groups. Indeed, natural interpretations of these functions have been obtained [1,4-12, 14 17 ] from the representation theory of quantum algebras in ways similar to how Lie algebras are used to describe classical special functions [18, 20, 21] . Many properties of the q-special functions and polynomials are naturally explained in this context.
The study of the connections between q-special functions and quantum algebras is pursued in this letter. We favor the approach where the q-functions arise in the representation of q-exponentials of certain quantum algebra generators. This point of view is also being developped by Kalnins, Miller and collaborators [1, 14-17-] . Here we examine a very simple quantum algebra, namely the q-analog of the algebra of linear transformations of the oriented line. We consider continuum and discrete models of this algebra and connect these with ordinary and bilateral basic hypergeometric series. In particular, we give a simple algebraic interpretation of the q-gamma and q-beta functions.
Integral representations and addition formulas for these functions are seen to arise naturally in this framework.
The quantum algebra ~q that we shall consider is generated by the elements P, D and D-x, obeying the following simple relations:
DP=qPD, DD-I=D-ID= I,
with q a complex number. It is a Hopf algebra with S: a3q ~ CSq and counit e : ~q ~ C given by
Writing D = qn, one immediately realizes that in the limit q -~ 1 the relations (1) and (2) become those that define the algebra of the infinitesimal affine transformations of the oriented line, with P and H as generators [20, 21] . We shall first study irreducible representations of this quantum algebra on the space 5¢ ~ of C ~ functions of compact support on the positive real semiaxis and vanishing in a neighborhood of the origin. An inner product in this space can be easily defined:
X For a fixed complex number o, a model of the algebra (1) in 5(f is simply given by
where Tx is the q-dilatation operator acting according to
on any function of the variable x. For q and co real, one further has P* = P and D* = D-1 Let us introduce now the following two q-analogs of the exponential function [13] :
eq(Z) = (q.q).
where, for a and a arbitrary complex numbers, (a;q), stands for the q-shifted factorial (a;q)o~ (7)
coproduct A : ~q ~ ~q ® ~q, antipode with (a;q)~o = I~I (1 -aqk), Iql < 1.
k=O Note that eq(z)Eq(-z) = 1, and that limq-.1 eq(Z(1 -q)) = limq_~l-Eq(z(1 -q)) = e z. In the following, for simplicity we shall choose [ql < 1.
Consider now the following element in the completion of the algebra f#q:
with a, fl and 7 complex parameters. In the limit q-} 1, U becomes, owing to the standard exponential map, an element of the affine Lie group infinitesimally generated by P and H. 
We require a to be a positive real number, so that the denominator in (10) never vanishes. Note that U(e, fl,7)f(x) is bounded provided I/~/~l < 1 [15] .
We shall compute the matrix elements of the operator in (9) with respect to a continuum basis in which D is diagonal. To this end, introduce in the space ~ the Mellin transform [20, 21] 
Its inverse is
f(x) with r any real number. The induced action of D on the transformed function F is now diagonal:
DF (2) while the action of P is given by
Similarly, for the operator U(0~, fl, Y) one finds, using (10) and (12) and taking for simplicity ~o = 1:
3o ( ccx;q)~" fr+ioo q-he f~!_flq-~x;q)~odx
For ~'e2 > r and I fl/~l < 1, the double integral is interchange the order of integration, obtaining:
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absolutely convergent, so that one can (16) fo (-flq-~x;q)°~x~-"-ldx,
The kernel in (17) can be expressed in terms of gamma functions by using the following Ramanujan formula [2] :
( -t; q)® (q; q)oo (aq-z; q).
Recalling now the definition of the q-gamma function [13] Fq(X) -
This establishes a simple connection between the quantum algebra aJq and the q-gamma function. An "addition formula" for the kernel K can be derived by noticing that, using the properties of the q-exponentials,
U(~,fl, O)U(fl, fl',7') = U(~,fl',y'). (21)
This relation implies that Fq(p -2 + 1)
As q ~ 1 -, since Fq(x) --, F(x) and (a;q), ~ (1 -a)", lal < 1, the relation (24) becomes the classical addition formula for the gamma function [20, 21] :
Further properties of the q-gamma function can be obtained by studying a discrete model for the algebra fqq. Let us consider the space JF of complex functions defined on the lattice x = q", n e 7/, and with nonzero values only at a finite number of the lattice points. In this space, introduce the inner product [15] fo dqx
where the q-integral is defined by [13] (°~f( Following Ref. [15] , introduce in J{ a discrete version of the Mellin transform:
rl = --o0
The inversion formula reads now
where the integration in the complex z-plane is performed along a closed path encircling the origin. The induced action of P and D on J~ can be easily determined; one finds
so that D is diagonal in the transformed space.
Consider now the following operator in the completion of ffq, 
. , a,x ; q)o~) f (x)'
where we have introduced the standard notation (~1 ..... ~,;q)o~ = (~1 ;q)o~ "" (~,;q)oo,
and set ~o = 1, for simplicity. The induced action on the transformed space can be written as 
In the last formula we have introduced the bilateral q-hypergeometric function Aks, which is explicitly defined by it is assumed that q, z and the parameters {a, b} are such that each term of the series is well defined. We use a definition for the ,Os which is slightly different from that given in Ref. [13] ; however, the two coincide for the most interesting case r = s. Defining R = bl ... bJal ... a,, one can check that with Iq] < 1 the series in (37) converges absolutely for ]zl < 1, when s < r, and for IR] < ]zl < 1, when r = s. (If Iql > 1, it converges for I zl > 1, when r < s, and for 1 < I zl < I R], when r = s; it diverges in all other cases, unless it terminates.) Using (36), one immediately derives the following integral representation for the function ,~: 
. ,a,t;q)o~
The case r = s = 1 is of particular interest. Using Ramanujan's sum [13] ( 
where, by definition,
Fq(oOFq(fl) (42)

Bq(a, fl) = Fq(~ + fl) '
is the q-beta function. Recalling (38) and (40) 
which is a q-generalization of the classical integral representation of the ordinary beta function:
fo tx-1 (1 + t) ~+y dt = S(x,y). 
K(qZ-";q~-z+'~/2;O)=(1-q)a-~-lFq(2-#),
In view of (36), this implies the following q-integral representation: 
which is a direct consequence of the definition (32 with Ix/Yl < 1. Interesting special cases of this formula are discussed in Ref. [15] . Let us now restrict our attention to the subset ~ of functions in ~ that vanish on all the lattice points x = qn, with n a nonnegative integer. The operators (4) still realize a model for the algebra Nq. Introduce the following transform:
The inverse formula is still given by (30). Though the induced action of D on ~ is complicated, the one of P is still given by: P~(q~)=og~ (qa+X) .
Consider now the action of U(al, ... ,a~;b~, ... ,b~,q) on ~; with ~ = 1 again, it can be written in the form (35) 
following series (53) Notice that since in the series (37) all terms with negative n vanish when one of the denominator parameters {b} is equal to q, the function r(Ps in (53) 
The two choices r = 1, s = 0 and r = s = 0 are of particular interest. In the first case, using the q-binomial theorem [13] 
the function kernel/( is expressible in terms of the q-beta function,
In the second case, recalling (6a), one connects with the q-gamma function:
Integral representations for these two q-functions are easily deduced from (52); for the q-beta function one recovers the standard formula [13] Bq(
while in the case of the q-gamma function one finds a q-generalization of the Euler integral representation, different from that of (46) [5] :
Fq(X) = tx-~(q(1 -q)t;q)~dqt.
Addition formulas for the function ,q>~ can be obtained by noticing that 
To get an analogous result for the q-gamma function, one has to start from (63) 
Using the series definition of oq~l and recalling (6) and (54) 
where as before x = q~ and y = q". Setting z = qV, one finally obtains from (69):
lnq fr+in/lnq
Fq(). la)l~Pa(qa-u;O;q'q) -2niO --q) ,dr-in/lnq
with ~e/t < r < ~e2. Since ic~x(qa-u;O;q,q) ,-~ 2 u-a as q ~ 1-, in the same limit the addition formula (71) reduces to (25) with ~ = 2.
The simple examples that we have discussed here show once more the usefulness and simplicity of the quantum algebras approach to the theory of special functions. Indeed, it provides a unifying method for deriving and classifying a wide class of identities involving q-special functions.
